Space-based gravitational wave detectors based on the Laser Interferometer Space Antenna (LISA) design operate by synthesizing one or more interferometers from fringe velocity measurements generated by changes in the light travel time between three spacecraft in a special set of drag-free heliocentric orbits. These orbits determine the inclination of the synthesized interferometer with respect to the ecliptic plane. Once these spacecraft are placed in their orbits, the orientation of the interferometers at any future time is fixed by Kepler's Laws based on the initial orientation of the spacecraft constellation, which may be freely chosen.
Introduction
In the current effort to open the gravitational wave astronomy frontier, a space-based laser-interferometric gravitational wave detector operating in the 0.1 mHz to 100 mHz waveband is far and away the most promising marriage of technological capability and number and variety of strong sources. In its most studied form a space-based laser interferometric gravitational wave detector involves three free-flying sciencecraft -acting as the stations of an interferometer -inhabiting 1 AU circumsolar orbits arranged so that the sciencecraft form an equilateral triangle constellation, inclined to the ecliptic plane by 60 deg, with arm lengths of several million km . Once set in their orbits the orientation of the interferometer with respect to the celestial sphere is determined by Kepler's laws of motion; correspondingly, the initial orientation of the equilateral triangle in its plane affects the detector's sensitivity to gravitational waves sources in different regions of the sky. In all present proposals only one of the sciencecraft is equipped to measure the relative velocity to both of the other two sciencecraft; so, only one interferometer can be synthesized Baker et al. 2011a,b,c,d ). Here we show how the freedom to choose the initial orientation of the sciencecraft constellation -and, thus, the orientation of the interferometer -affects the detector's sensitivity to gravitational waves associated with sources in the direction of the Galactic Center. Decher et al. (1980) first investigated the design aspects of a space-based, laser interferometric gravitational wave detector. The mission and detector they described quickly converged to the modern "LISA" concept that, in its most mature form, is described in several technical assessments performed for ESA Jennrich et al. 2011 ). In the modern LISA concept each of the three sciencecraft follow independent, circumsolar orbits that lead or lag Earth in its orbit by tens of degrees. Each sciencecraft hosts a freely floating reference mass (a "gravitational reference sensor", or GRS) that it simultaneously shields from the thermal and particle space environment and tracks to ensure that the sciencecraft trajectory is as close to a free trajectory through space-time as technology allows. Modulated laser signals passed between the sciencecraft are used to measure the relative velocities of the three reference masses. Gravitational waves passing through the constellation lead to correlated disturbances in these relative velocity measurements.
The gravitational wave antenna that is synthesized from the relative velocity measurements of the three reference masses behaves like an interferometer with one sciencecraft acting as a beamsplitter and the other two acting as end-stations (Armstrong et al. 2003; Dhurandhar & Tinto 2005) . Like an interferometer its greatest sensitivity is to sources in the directions normal to the plane defined by the three sciencecraft. Also like an interferometer the antenna has four nulls -directions in which it is entirely insensitive to gravitational wave sources -that lie in the plane. The direction of these nulls is tied to the orientation of the sciencecraft in their plane. The requirement that Vision 2015-2025 Program. While that mission was ended when NASA was unable to meet its commitments, missions based on the LISA design but rescaled for different cost-caps are being considered by both ESA and NASA (Baker et al. 2011a,b,c,d; Jennrich et al. 2011 ). Here we use the term "LISA" to refer to any space-based, laser-interferometric gravitational wave detector whose mission profile is similar to the former joint ESA-NASA mission that was ranked as a large space mission priority in the sciencecraft each travel freely through space yet maintain, over several orbital periods, the same relative configuration, strongly constrains the sciencecraft orbits (Folkner et al. 1997; Folkner 2001; Dhurandhar et al. 2002 , leading each null to trace-out a "figure-eight" pattern on the sky over the course of a year. Where these patterns appear on the sky is set by the initial orientation of the sciencecraft in their plane. Our purpose here is to demonstrate how the choice of initial constellation orientation affects the sensitivity of LISA concept detectors to the direction hosting the greatest number of gravitational wave sources: i.e., the Galactic Center.
Section 2 of this manuscript describes our sensitivity measure for a LISA concept gravitational wave antenna as it orbits Sol. Section 3 examines the sensitivity of a LISA concept mission to gravitational wave sources in the direction of Milky Way Galactic Center and some of the more important Milky Way globular clusters. We summarize our conclusions in Section4.
Sensitivity measure
We base our measure of LISA's sensitivity to point gravitational wave sources on its low-frequency angular response. For our purposes the three LISA sciencecraft correspond to the beamsplitter and end-mirrors of a Michelson delay-line interferometer. Each sciencecraft is on an independent, 1 AU circumsolar orbit. These orbits are chosen so that the sciencecraft remain close to relative rest at the vertices of an equilateral triangle with ∼ 10 6 km legs. We refer to the relative position of the sciencecraft as the constellation.
Tidal forces on the constellation owing to Sol, the Earth-Moon system, Jupiter and Venus all act to distort this configuration. The LISA mission lifetime is bounded by an upper limit on the relative sciencecraft velocities. This bound will be exceeded well-before deviations in the constellation shape affect significantly the angular sensitivity of the interferometer.
Correspondingly, it is conventional to treat the constellation as a rigid equilateral triangle whose center follows a Kepler orbit, in the ecliptic plane, about Sol. We follow this convention.
To evaluate LISA's response consider a (TT-gauge) plane gravitational wave propagating in then direction through Minkowski space:
where e + and e × are the usual + and × wave polarization tensors,
In the low-frequency (small antenna) limit the response of the inferometer may be expressed
where L is the effective interferometer arm-length, x c the constellation location,
(2-3b) -3c) and d is the antenna projection tensor:
with u and v the unit vectors in the direction of the interferometer arms.
Our basic measure of LISA's sensitivity is the quadrature sum of F + and F × ,
and its value integrated over a year-long observation and normalized so that its maximum value, over all n, is unity:
where
Note that the dependence of ρ 2 on n is identical to the dependence on n of the power signal-to-noise associated with a compact object binary system when averaged over the binary's orientation.
The time dependence of F + (n, t) and F × (n, t) is determined by the motion of the constellation as it orbits Sol. The special orbits that allow the constellation to maintain a relatively stable equilateral triangle configuration enforce upon the constellation a characteristic internal motion and orientation with respect to the constellation's orbital plane. The orientation and motion is particularly simple when described in terms of the constellation plane's orientation relative to its orbital plane about Sol, and the orientation of the constellation in the constellation's plane. The sciencecraft orbits require that the constellation plane is always inclined 60 deg relative to the ecliptic plane (i.e., the constellation's orbital plane) with the constellation plane normal always in the plane defined by the constellation's orbital radius vector and its orbital plane normal: i.e., the constellation plane precesses, in a positive sense, about the ecliptic plane normal with a one-year period. In addition to this precession, the constellation itself spins within its plane, also with a one-year period. Choosing the constellation plane normal's direction to have a positive projection on the ecliptic plane normal the constellation spins in its plane with a negative sense. Figure 1 shows these three different motions -orbital, precessional, and spin -schematically. within its plane in a negative sense with the same period as the constellation's orbit about Sol: i.e., ω = 2π yr −1 . In this schematic the sciencecraft "above" the orbital plane are always further from Sol than those below the plane; the orientation of the constellation plane could just as well be arranged so that the opposite were true.
-9 -To evaluate F + (n, t) and F × (n, t) via Equations (2-3b)-(2-3c) we need to express e + , e × , u and v all in the same coordinate system. We choose to work in (heliocentric) ecliptic coordinates. To express u and v, the unit vectors in the direction of the interferometer arms, in ecliptic coordinates we first describe them in the constellation's rest frame; next, we describe the rotations that relate ecliptic and constellation rest coordinates; and, finally, we express u and v in ecliptic coordinates via Equations 2-8. Figure 2 shows the constellation, the interferometer arms, and the constellation rest-frame coordinates that we use to describe the constellation's gravitational wave response. In these coordinates u and
The convolution of the different rotations involved in describing the constellation's motion is quite simply expressed in terms of quaternions. Introduce the usual quaternion basis i, j and k, with
Associate the quaternion basis vectors with the basis vectors of a Cartesian coordinate system: i.e., associate x with i, y with j and z with k. Any vector n may thus be regarded equally well as a quaternion or a Cartesian vector. It is then straightforward to show that the vector n ′ corresponding to the rotation of vector n by angle θ about axis w is equal to
where coordinates associated with the interferometer we identify the circle that circumscribes the three sciencecraft and choose the x-axis in the direction from the center of the circumscribed circle through the "beamsplitter sciencecraft". The y-axis is chosen in the constellation plane and orthogonal to the x-axis. The z-axis is chosen orthogonal to the plane so that three axes form a right-handed coordinate system. Note that this interferometer has four nullsdirections toward which it is insensitive to any gravitational wave source -in the ±x and ±y directions.
To describe the relation between ecliptic and constellation rest-frame coordinates first introduce the usual ecliptic longitude and latitude (l, b) and the corresponing Cartesian coordinate vectorsx e ,ŷ e andẑ e . Measure the constellation's location in its orbit in terms of the position angle φ(t) = 2πωt, measured from x e , with φ = 0 at t = 0. Finally, let φ 0 denote the constellation plane orientation at t = 0. The quaternion q ec that relates vector components in the constellation coordinate system to components in the ecliptic coordinate system may be written
where q 1 orients the constellation in its plane,
q 2 inclines the constellation plane relative to the ecliptic,
and q 3 precesses the constellation plane about the ecliptic normal,
It remains to express the polarization tensors e + (n) and e × (n) in ecliptic coordinates.
Let l n and b n identify the ecliptic longitude and latitude corresponding to the wave propagation direction n (i.e., the source is in the −n direction). A suitable choice of polarization tensors e + and e × is then
Discussion
An interferometric detector has a null response to gravitational-wave sources in four different directions -all in the plane formed by the detector. When the light travel time along its arms is equal, as is the case for LISA, two of the nulls are in the direction and anti-direction of the bisector between the arms, while the other two nulls are at right angles to these directions: i.e., in the ±x and ±y directions in Figure 2 . As the antenna orbits Sol these nulls trace out figure-8 patterns on the sky. The white curves in Figure 3 show, in ecliptic coordinates, the trace of these nulls over a full orbit overlaid on a colormap that shows our sensitivity measure ρ 2 (see Eq. 2-5).
Note that the ecliptic longitude is unlabeled in Figure 3 . The ecliptic longitude of the traces of the nulls depend on the constellation's initial orientation φ 0 (see Eq. 2-9) at t = 0:
i.e., rotating the constellation in its plane while leaving the plane's location and orientation fixed shifts the null curves in ecliptic longitude by the same angle. It is the initial choice of constellation orientation φ 0 that allows us to "point" LISA toward or away from any source that lies within 60 deg of the ecliptic plane.
Although all but the closest extragalactic sources of gravitational radiation are likely to be distributed isotropically, Galactic sources -including the vast majority of close white dwarf binaries, by far the largest expected population of LISA sources -will be concentrated primarily in the direction of the Galactic Center and, secondarily, the Galactic Figure 3 , our initial choice of LISA constellation orienation can make a 17% difference in the constellation's sensitivity toward the Galactic Center sources: i.e., to just those sources that dominate LISA's signal. If we choose as our goal the study of these sources we can maximize LISA's sensitivity to the Galactic Center direction; alternatively, if our goal is the detection and study of extragalactic sources we can choose LISA's initial orientation to minimize our sensitivity to these (now confounding) sources, allowing LISA observations to "dig deeper" into the pool of extra-galactic sources.
Now consider the binary choice of maximizing or minimizing LISA sensitivity to Galactic Center sources and ask what effect this choice has on the sensitivity to gravitational wave emitters associated with other localized and nearby objects: in particular, globular clusters within 5 kpc of Earth, the Large and Small Magellanic clouds, the Andromeda galaxy (M31), and the Virgo cluster. These objects are representative of typical hosts for halo and extragalactic populations of white-dwarf binaries, ultra compact binaries, and nearby extreme mass-ratio inspiral systems. Figure 4 and Table 1 summarize how minimizing or maximizing sensitivity to Galactic Center sources affects LISA's sensitivity to gravitational wave emitters associated with these objects. Figure 4 plots the object locations, given in the first two columns of Table 1 Table 1 quantifies these observations, providing for each object the ratio ρ 2 min / ρ 2 max , where ρ 2 max ( ρ 2 min ) is the sensitivity measure when the constellation's orientation is chosen to (maximize (minimize) its sensitivty to Galactic Center sources. Now turn attention to the variation in LISA sensitivity to fixed sources over the course of a year. As the constellation rotates in its plane dρ 2 /dt is modulated for all sources but those in the direction of the ecliptic poles. For sources within 60 deg of the ecliptic plane there will be choices of orientation that lead an antenna null to pass over the source at least once per year, corresponding to 100% modulation of antenna's response to the incident waves. Figure 5 summarizes the modulation of the response as the fractional root-mean-square variation of dρ 2 /dt from its mean value over an orbital period: i.e.,
For sources at ecliptic latitudes 35 deg |b| 60 deg the modulation is greater than ∼ 65% regardless of the initial constellation orientation. Referring to Table 1 this includes three of the nearest globular clusters (NGC3201, NGC6752 and NGC6838). For sources with ecliptic latitude |b| 35 deg the degree of modulation varies significantly with the initial constellation orientation: for sources on the ecliptic equator it can be varied between 40% and 65%.Only for sources near the ecliptic poles (|b| > 80 deg) will the modulation ever be small ( 30%).
The modulation of LISA's sensitivity in a given direction provides another means of "tuning" LISA's sensitivity to different sources. It has often been remarked that the number of low-frequency sources in the direction of the Galactic Center is sufficiently great that their cacophony may limit our ability to observe other low-frequency sources elsewhere Table 1 plotted on top of the LISA sensitivity when the constellation's initial orientation is chosen to minimize its sensitivity, as measured by the sensitivity measure ρ 2 (see Eq. 2-5), to Galactic Center sources. The Galactic Center is marked by an ×, globular clusters are marked by stars, M31 is marked by a triangle, the LMC by a square and the SMC by a diamond, and the Virgo cluster by an open circle. on the sky (Bender et al. 1996; Kosenko & Postnov 1998) . Taking advantage of our ability to point LISA by choosing its initial orientation, we can arrange for the antenna nulls pass over or close to the Galactic Center twice per year. During these periods LISA will largely insensitive to Galactic Center sources while remaining sensitive to sources at moderate to high ecliptic latitudes, and low ecliptic latitudes at longitudes ±45 deg and ±135 deg from the Galactic Center. This includes most of the sources identified in Table 1 .
To illustrate, Figure 6 shows how the modulation in sensitivity varies over the course of a year for Galactic Center direction sources when LISA's initial orientation is chosen to maximize or minimize its sensitivity in this direction. While the peak sensitivity over the course of a year varies only slightly, the minimium sensitivity can be sent to zero. 
Conclusions
The LISA sciencecraft form what is effectively an interferometric gravitational wave antenna. Such an antenna has four nulls: i.e., directions in which it is entirely insensitive to incident gravitational waves. As the sciencecraft proceed in their special orbits the antenna rotates and precesses, leading the nulls to trace-out four figure-8 pattens on the sky. The choice of initial constellation orientation can be chosen to ensure that a null traces over, or avoids, any fixed sky location within 60 deg of the ecliptic plane. Sources in this zone -The instantaneous contribution to the sensitivity measure for sources in the direction of the Virgo Cluster and the Galactic Center when the constellation's orientation is chosen to minimize its annual sensitivity to Galactic Center direction sources. Note how for this orientation the constellation's sensitivity to Galactic Center sources vanishes when its sensitivity to Virgo Cluster sources is greatest, and is large only when the sensitivity to Virgo Cluster sources is small. By appropriate pointing of the LISA constellation the interference of Galactic Center sources in the detection of Virgo Center sources can be minimized.
include the Galactic Center, the Virgo Cluster, and the nearest Galactic globular clusters.
By choice of the initial constellation orientation LISA may thus be pointed toward or away from any of these sources, with significant consequences for the success of its science mission. In the case of sources in the direction of the Galactic Center this freedom amounts to a 17% difference in the power signal-to-noise accumulated over a year's observation (averaged over all source orientations).
As important as the variation in the annual signal-to-noise is the variation in the sensitivity throughout the sciencecraft constellation's annual orbital period. The relative location of the Galactic Center and the Virgo Cluster is such that we may choose a null to cover the Galactic Center during just those times when the antenna's sensitivity to the Virgo Cluster is greatest. Thus, we can arrange our orbits to suppress the confusion noise associated with the large number of Galactic white dwarf binaries at just those times when our sensitivity to Virgo Cluster sources is greatest.
The choice of initial constellation orientation need not affect the mission cost. The dominant cost to the mission associated with a choice of initial constellation orientation is that required to launch the mass in fuel needed to move the sciencecraft from Earth to their initial orbital stations. Viewed with respect to Earth there is a constellation orientation that requires minimum fuel mass to reach. By appropriate choice of launch date we can make this cost-preferred Earth-relative configuration correspond to any desired ecliptic coordinate relative orientation.
How to best take advantage of the ability to point a LISA-like gravitational wave antenna requires the kind of judgements that are only possible in the context of the mission science goals: e.g., is the mission's principal science goal the study of Galactic sources, extra-galactic sources, or something different still? Here we have demonstrated that the mission profile includes a heretofore unrealized freedom -the ability to point the antenna
